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FUNCTION SPACES OF COMPLETELY METRIZABLE SPACES

JAN BAARS, JOOST DE GROOT, AND JAN PELANT

ABSTRACT. Let X and Y be metric spaces and let ¢: Cp(X) — Cp(Y) (resp.
¢: C5(X) — C;(Y)) be a continuous linear surjection. We prove that Y is
completely metrizable whenever X is. As a corollary we obtain that complete
metrizability is preserved by /, (resp. /;-equivalence) in the class of all metric
spaces. This solves Problem 35 in [2] (raised by Arhangel’skii).

1. INTRODUCTION

Let X and Y be metric spaces. By C(X) (resp. C*(X)), we denote the set
of all real-valued continuous functions (resp. the set of all real-valued bounded
continuous functions), on X . We endow C(X) (resp. C*(X)) with the topol-
ogy of pointwise convergence and denote that by C,(x) (resp. C;(x)). We
define X and Y tobe l,-equivalent (resp. l;-equivalent) whenever C,(X) and
Cp(Y) (resp. C;(X) and C;(Y)) are linearly homeomorphic. A topological
property & is said to be preserved by [,-equivalence (resp. [;-equivalence)
whenever for /,-equivalent (resp. /;-equivalent) spaces X and Y we have that
X has property & if and only if Y has property &2 .

In [2, Problem 35], Arhangel’skii asks whether complete metrizability is pre-
served by [,-equivalence for the class of all separable metrizable spaces. In
this paper we answer this question in the affirmative, even for arbitrary metric
spaces. In fact we prove for metric spaces X and Y and for a continuous lin-
ear surjection ¢: Cp,(X) — C,(Y) that Y is completely metrizable whenever
X is. Moreover we obtain the same result for /;-equivalence. The assumption
that the mappings between function spaces are linear is essential. In [10], Do-
browolski, Gul’ko, and Mogilski proved that for any two nondiscrete countable
metric spaces X and Y, C,(X) and C,(Y) are homeomorphic. In particular
this holds for the space of rationals Q and a convergent sequence.

2. PRELIMINARIES

Let X and Y be metric spaces, let ¢: Cp(X) — Cp(Y) (resp. ¢: C;(X) —
C;(Y)) be a continuous linear function and let y € Y be fixed. Notice that the
function y,: Cp(X) — R (resp. y,: C;(X) — R) defined by v, (f) = ¢(f)(»)
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is continuous and linear. So y, € L(X) (resp. y, € L*(X)), the dual of
Cp(X) (resp. C;(X)). Since the evaluation mappings &x: Cp(X) = R (x € X)
defined by & (f) = f(x) for f € Cp(X) (resp. f € C;(X)), form a Hamel
basis for L(X) (resp. L*(X)), (cf. [14]), there are for v, #0, x;,...,x, € X
and 4y, ..., A, € R\{0} such that y, = Y"1, A;{,, . We define the support of y
in X to be the finite set supp(y) = {x;, ..., x,} C X. If y, =0, the support
of y is defined to be the empty set (notice that whenever ¢ is onto, v, # 0
forevery y € Y). For A C Y, we abbreviate (J{supp(y): y € A} by supp4.
The notion of support here is a special case of a more general definition given
by Arhangel’skii in [1]. The proof of the following lemma is a triviality and is
only included for reference.

Lemma 2.1. Let X and Y be metric spaces, and let ¢: C,(X) — Cp(Y) (resp.
¢: C;(X) — C;(Y)), be a continuous linear function. Then for y € Y,

1. for every z € supp(y), there is A, € R such that
s = S AS(2),
(»)

zesupp

Jor every f € Cp(X) (resp. f € C;(X)), and
2. if f,8 € Cy(X) (resp. f, g € C;(X)), coincide on supp(y), then
() = o(8)(y).

If moreover ¢ is a linear homeomorphism, then suppY = X .

Proposition 2.2 [1]. Let X and Y be metric spaces and let ¢: Cp(X) — Cp(Y)

be a continuous linear function. If A is a compact subset of Y, then supp A is
a compact subset of X .

Let X and Y be metric spaces and let F: X — 2(Y)\{@} be a set-valued
function such that for every x € X, F(x) is closed in Y. Then F is said to
be Lower Semi Continuous (abbreviated LSC) whenever for every open U C
Y theset {x € X: F(x)NU # @} isopen in X. If ¢: Cp(X) — Cp(Y)
(resp. ¢: C;(X) — C;(Y)) is a continuous linear function we can consider
supp: Y — Z(X) as a set-valued function. We have

Proposition 2.3. Let X and Y be metric spaces and let ¢: Cp(X) — Cp(Y)
(resp. ¢: C;(X) — C,(Y)) be a continuous linear surjection. Then supp: Y —
P(X)\{#} is LSC.

Proof. Since ¢ is onto, supp(y) # @ for every y € Y. Of course, being a
finite set, supp(y) is closed. Let U be an open subset of X. Put O = {y €
Y:supp(y)NU # @}, and let y € O. Then there is x € supp(y) N U. Let
f € C;(X) be such that f((X\U) U (supp(y)\{x})) =0 and f(x)=1. Then
by Lemma 2.1, ¢(f)(y) = Ax #0. Let W = {z € Y: ¢(f)(z) # 0}. Then
W is an open neighborhood of y. We claim that W C O. Suppose there is
z€ W\O, ie., ¢(f)(z) #0 and supp(z)N U = & . But then f(supp(z)) =0,
hence by Lemma 2.1 ¢(f)(z) = 0, which gives a contradiction,so W Cc O. O

As usual for a cover Z of a space X, we denote the cover {St(U, %): U €
%} by St(%) and the cover St(St(%)) by St?(%). The next lemma will be
very useful in the proof of Theorem 4.2.
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Lemma 2.4. Let X be a metric space which is not completely metrizable. Let
{Z#,: n e N} and {&,: n € N} be two collections of open covers of X such that
for each ne N,

(1) #, and %, are locally finite,

(2) diam%, < 1/n,

(3) S(Pns1) < Fn < Fn,

(4) each element of %, intersects only finitely many elements of %, .

Then for each n € N we can find S, € %, such that St(S,y1, Zny1) C Sy and
Moy Sh=2.
Proof. Let X be the completion of X . For each n € N and for each S € %,
we can find Vs openin X such that

(5) diam Vg < 3/n,

6) VsNnX =S5,

(7) if Se, Te Sy and TC S, then VyC Vs.
Indeed, suppose for each m < n and S € %, we found V5. Now let S €
41 - By (4), there are only finitely many elements of .%, which contain S.
Find O open in X such that diamO < 3/(n+ 1) and ON X = §. Let
Vs = ON{Vr: T € & with § C T}. Then this Vs obviously satisfies
conditions (5), (6) and (7). This completes the inductive construction.

For each n € N let V, = U{Vs: S € &}. Then V, is open in X. So
V =Nho Vu isa Gs-subset of X, hence completely metrizable. Since X C V,
this implies that there exists x € V\X . Foreach n e N, let Z, = {V5: S € %,
with x € V5} and 7, = {S: Vs € %,}. Then %, is a finite family. Indeed, let
T € %, be such that x € V7. Then for each S € 7, x € Vgn Vy. Since
x€X, VsnVrnX # @ which gives SNT # @. Since T intersects only
finitely many elements of ., , we are done.

Now for S € 7, and T € Z,,, we define

T= S Sdef St(—f’ gnﬂ) cs.

We claim that this ordering gives us chains of arbitrary length. Forif T € 7.,
there exists by (3) S € % such that St(T, %,.;) € S. Since T c S we
have by (3), Vr C Vs, hence S € 7, and we can walk all the way up to
71 . Now by Konigs lemma [12, Lemma I1.5.7], we have an infinite chain with
respect to this ordering, say {S,: n € N} with S, € %, . Since diam Vs, — 0,
{x}=Npey Vs, , and hence N2, S, =@. O

A weaker version of this lemma will be used in the proof of Theorem 3.3 (its
proof is similar).

Lemma 2.5. Let X be a metric space which is not completely metrizable. Let
{#%,: n € N} be a collection of locally finite open covers of X such that for each
neN, diam%, < L and St %,.1) < %,. Then for each n € N, there is

n

Un € %, such that U, C U,, and moreover (\,_, U, = 2.

3. THE UNBOUNDED CASE

Lemma 3.1. Let X and Y be metric spaces, and let ¢: Cp(X) — Cp(Y) be a
continuous linear surjection. Then for each compact K C X, the set L = {y €
Y: supp(y) C K} is a compact subset of Y .
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Proof. By Proposition 2.3, supp is LSC, hence L is closed. If L is not compact,
L contains a closed discrete subset {y,: n € N}. For each n € N, let ¢, =
n- ZZEsuppy)ll |. Then ¢, > 0. Let g € Cp(Y) be such that g(y,) = tn

Since ¢ is a surjection, there is f € C,(X) such that ¢(f) = g. Since K is
compact, there is ¢ € R such that f(K) C [-c, c]. Let n € N be such that
n>c. Then

6(f Yood A< D - 1f(2)
z€supp(yn) zEsupp(yn)
e Y Al <ta,
z€supp(yn)

so we arrive at a contradiction. 0O

Let X and Y be metric spaces and let ¢: C,(X) — C,(Y) be a continuous
linear surjection. For U Cc X, let Ty = {y € Y:supp(y) N U # @}. For a
family 7 of subsets of X ,let Ty ={Ty: U € %}.

Lemma 3.2. If 7 is a locally finite open cover of X , then Ty is a locally finite
open cover of Y .

Proof. Since ¢ is onto we have for each y € Y, supp(y) # @. So Ty cov-
ers Y. Furthermore by Lemma 2.3, supp is LSC, so for U € Z, Ty is
open in Y. If Ty is not locally finite there are y € Y, a sequence y, — y
(n — o), and distinct U, ’sin Z such that y, € Ty, . Let x, € supp(y»)NU, .
Since {y,: n € N} is compact, by Proposition 2.2, supp{y,: n € N} is compact.
Hence {x,:n € N} is compact. Since Z is locally finite, {x,: n € N} inter-
sects only finitely many elements of % . Contradiction. O

Theorem 3.3. Let X and Y be metric spaces and let ¢: C,(X) — Cp(Y) be a
continuous linear surjection. If X is completely metrizable, then Y is completely
metrizable.

Proof. Suppose X is completely metrizable and Y is not completely metriz-
able. Provide X with a complete metric. Since X and Y are metric spaces,
by Lemma 3.2 there are locally finite open covers %, of X and 7, of Y,
(n € N) such that

(1) diam%, < i, diam?, < 1, %1 <%, , SU(Zp41) < 7, and

(2) each V € 7, intersects only finitely many elements of Ty, .
By Lemma 2.5, for each n € N, there is V, € 7, such that (72, V, = @ and
foreach n € N, V,,, Cc V,. By (2), for each n € N, there is a finite subset
{ur,..., U} of %, such that

(3)for Ue#,, VinTy # @ ifandonly if U e {U},..., Uy }.
We claim that for each n € N,

(4) Umn+l Un+1 C Umn Un
Indeed, since ?/,,+1 reﬁnes ?/,, , there are for each j < m,,;, U; € Z, such that
U;H'l - Uj. Since V,.1 C V,, and l/,,+10TUn+| # @, we have V, nTU,- #2.So

by (3), U; e {U}, ..., Ur }. This gives U'""*' Urt' c Uz, Ur . This proves
(4). Notice that by (3) forevery n e N, suppV, C U'”" ur. For each n €N,
let y, € V,,. Then
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(5) supp(yn) C UjZ, UF.
Let K =J,-, supp(yx). Since K is a closed subset of X, K is complete.

Claim. K is compact.

Since K is complete, it remains to prove that K is totally bounded. To this
end it suffices to prove that |J;2, supp(y,) is totally bounded. Let ¢ > 0 and
let j € N be such that 5 < %.For k <mj,let z; € U]. Since diam U] < },
Ul C B(z,¢). Then by (4) and (5), U;Z; supp(yn) C Uy, B(z«, €). Since
/ _,supp(y,) is finite, we are done.
By Lemma 3.1, L = {y € Y: supp(y) C K} is a compact subset of Y . Since
N, Vu = @, (Wn)nen C L is a sequence without convergent subsequence.

n=1
Contradiction. This proves the theorem. 0O

Corollary 3.4. Complete metrizability is preserved by l,-equivalence in the class
of metric spaces. 0O

Let Q denote the space of rationals. Let 7T = N? U {oo}, where each point
of N2 isisolated and {({n,n+1,...} x N)U{oo}}nen is a local base at cc.
In [7] it was shown that Q and T are not /,-equivalent. This result now also
follows from Corollary 3.4.

In [18], Uspenskii proved for /,-equivalent spaces X and Y, with X met-
ric, that Y is a g-metrizable paracompact space, where o-metrizable means a
countable union of closed metrizable subspaces. In view of Theorem 3.3, one
could conjecture that if X is moreover completely metrizable, then Y is also
Cech-complete. This is however not the case. Take for X the ordinal space w?
and for Y the space obtained from X by identifying all accumulation points of
X to one point. The spaces X and Y are /,-equivalent (see for example [5]).
The space X is countable metric and locally compact while Y is paracompact
and ¢-metrizable but not Cech-complete.

In the next section we prove the same result for spaces C;(X): if X and Y
are metric spaces and ¢: C;(X) — C,;(Y) is a continuous linear surjection, then
Y is completely metrizable provided X is. In this case a proof like Theorem
3.3 seems not to be working. We give an example which shows that we cannot
make use of a result like Lemma 3.2. Let (x,).eny be a convergent sequence,
say X, - x (n—o00). Let Y ={x,:neN}U{x},andlet X =Y &N the
topological sum of Y and N. Define ¢: C;(X) — C;(Y) by

1 .
SOn)+ - S(n) i 2= x,
f(x) if z=x.
Since f is bounded, we have ¢(f) € C;(Y). Itis easily seen that ¢ is a linear
continuous surjection. Let Z = {Y}U{{n}:n € N}. Then Z is a locally finite

open cover of X . Since for every n € N, supp(x,) = {n, x,}, Ty is not
locally finite.

$(f)(2) = {

Acknowledgments. We would like to express our gratitude to Roman Pol who
originally proved that the space of irrationals P and the topological sum of P
and the space of rationals Q are not /,-equivalent.
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4. THE BOUNDED CASE

Lemma 4.1. Let X and Y be metric spaces and let ¢: C;(X) — C,(Y) be
a continuous linear function and let & be a nonempty locally finite family of
open subsets of X. Then for each y € Y and for each ¢ > 0, there exists a
neighborhood U of y and a nonempty finite subset ¥ = (¢, U, P) of P
such that for each z € U,

> {Ilalt ae (supp(z)\Uﬁ’) N Uﬁ’} <e.

Proof. Suppose the lemma is false. Find y € Y and ¢, > 0 contradicting the
lemma. Foreach x € &£, let & = {P € #: x € P}. Obviously % is finite.
For each x € &, find a neighborhood W, of x such that W, intersects
only finitely many elements of % and such that W, c %, . Since supp(y)
is finite, there is a finite subset # of £ such that supp(y)"UZL c UHA .
Let Wy = J{Wx: x € supp(y) N|JUZ} . By induction we construct a decreasing
open base {U,: n € N} at y, for each n € N we find points z, € U, and
functions f, € C;(X) such that if for each n € N,

M, = (supp(z,) "ULNUZ

Wy=U{Wx: xe M, \(U{W::i<n-1}uU{supp(z;)) NUF:i<n}),

In=U{%#: x e M},

Fns1 = FUT,, and

8 = e, lhal
then the following properties are fulfilled

(1) on 2> &0,

(2) fa(X\Wh) {0} fn(a) = sign(4y) - 1/6, for a€ My, ||full < 1/&0, and

(3) ¢(fa)(Uns1) C (=1/271, 1/274).

(It will be convenient for our inductive construction to observe that each %, is
a finite subcollection of #, each M, is finite and moreover a subset of W,
since foreach i<n-1, W, cUJ cU%.)

For n =1, let U; be an arbitrary neighborhood of y. Since g contradicts
the lemma we can find z; € U; be such that §; > ¢y. Define g;: (X\W))U
M, - [0, 1/g] by g1(x) =0 for x € X\W; and g;(x) = sign(4) - 1/d, for
x € M, . Since M, C W, is finite, g, is continuous. Extend g; to a continuous
fi: X = [0, 1/g]. Then f; satisfies condition (2). Since condition (3) is empty
for n = 1, the initial step of the construction is completed.

Suppose we found f,..., fu, Z1,..., Zn,and U,,..., U, . Since supp(y)n
W, = @, fu(supp(y)) = {0}, hence by Lemma 2.1 ¢(f,)(¥) = 0. Thus by
continuity of f we can find a neighborhood U,,; C U, of y such that

M Unet) < (51 1)

Since gy contradicts the lemma we can find z,,; € U, such that d,,, > ¢&.
The function f,,; can be constructed in the same way as f;. This completes
the inductive construction.

Claim. {W,: n € N} is a discrete family in X .

Since the family {W,: n € N} is pairwise disjoint it suffices to show that
the family is locally finite. Let x € M, and y € M,,, with m > n. Since
P CIn C Gy and y € UFr1, A NP, =2. Nowlet z € X and U
a neighborhood of z that intersects only finitely many elements of & . The
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above observation gives that there exists m € N such that J{Z%;: x € M,, for
some n>m}NU =@. Let n > m and suppose U N W, # @. Then there is
Xx € M, such that UnW, # @. Since W, C (%, we arrive at a contradiction,
hence U can only intersect finitely many elements of our family {W,: n € N}.

From (1) we get M, # @. Moreover it easily follows that for n € N,
supp(zn,) N W, = M, and for m > n, supp(z,)NW,, = 2.

Now let f =32, f,. By the claim we have f € C;(X), so ¢(f) € C;(Y).
Since f(supp(y)) =0, ¢(f)(y) =0, hence ¢(f)(z,) =0 (n — oo). However

W) = X dahl@) = ¥ dafi(@) = 3-8 =1

a€supp(z,) aEM,
and
¢(fm)(zn) = Y. Aafm(a) = 0 since supp(z,) N Wy, = & for m > n.
a€supp(zn)
So finally we get

n—1

= |3 () (za) + S(f3)(2)

m=1

¢(f)(zn)| =

Z fm )(zn)

>1—Zi¢fm z,.|>1—22,,, > 5

We arrive at a contradiction and hence the lemma is true (note that .# can be

assumed to be nonempty since we can always add one extra member of Z# to
F). 0O

In the proof of the forthcoming theorem we make use of two well-known
theorems from the theory of Banach spaces.The first one is the Closed Graph
Theorem, which states that for Banach spaces E and F and a linear function
¢: E — F such that the set {(x, ¢(x): x € E} is closed in E x F, we have
¢ is continuous [11, Theorem X.4.1]. The second one is the Open Mapping
Theorem, which states that a continuous linear function of a Banach space E
onto a Banach space F is open [13, Theorem 1.4.10]. We denote C*(X) with
the topology of uniform convergence by C;(X). It is well known that C;(X)
is a Banach space.

If C=[U,...,U, U] is a sequence of sets, then we abbreviate [U),..., U,]
by C | U. We use the symbol “ A ™ to denote the intersection of families of
sets.

Theorem 4.2. Let X and Y be metric spaces and let ¢: C;(X) — C;(Y) be a
continuous linear surjection. If X is completely metrizable, then Y is completely
metrizable.

0o =

Proof. Suppose X is completely metrizable and Y is not completely metriz-
able. Provide X with a complete metric d. By the Closed Graph Theorem,
¢ considered as a map from C;(X) onto C;(Y) is continuous. This, together
with the Open Mapping Theorem gives us k € N such that for all f € C*(X)
with ||f|| = 1, |¢(f)]l < k, and for all g € C*(Y) with | g|| = 1, there is
feg(g) with |f] <k.




878 JAN BAARS, JOOST DE GROOT, AND JAN PELANT

Claim 1. Foreach y € Y, 3 cqnn(y) 14al k.

Let f € C;(X) be such that ||f]| = 1 and for all a € supp(y), f(a) =
Sig;(‘(}-a) . Then [|¢(f)|| < k, hence ¢(f)(y) = Ea€supp(y) Aaf(a) = Zaesupp(y) |4al
<k.

Let (%)necw be a sequence of open covers of X such that for each n € w,

(1) Post <Pn,s

(2) each &, is locally finite,

(3) diam&%, <27".

For each n € N, let ¢, = 1/(k - 2"*3). By induction we construct sequences
(Pw)ncw and (Fn)new of open covers of Y, sets of sequences given by

% = {[U]: U € %}, and forn >0,
gn = {[UO, cee s Un]: [UO, cee s Un_]]egn_l, Un E%,, and Un C Un_l},

and for each C € %, a nonempty finite set Z'(C, n) of open subsets of X
such that

(4) &£, and &, are locally finite,

(5) diam%, < 1/(n+1),

(6) St (Fns1) <S5 < T,
(7) each element of .%,,; intersects only finitely many elements of .7,
(8) if C € %, then each V € Z(C, n) is contained in a member of %, ,
(9)if C=[Up, ..., U,, Ul € €41, then

Uz,n+1)c|JZ(C1U,n)andforzeU,

S {iaxl: x € (supp(2N\JZ(C, n+ D) nUZ(C LU, W} < ensn.

(10) for each U € % and z € U, Y {|A]: x € supp(z)\U-Z([U], 0)} <
€.
By Lemma 4.1 there exists a locally finite open cover %, of Y with diam %, <
1 and for each U € %, a nonempty finite subset & =% (¢, U, H) of H
such that for each z e U,

> {IAal: @ € supp(2\ | JF } < eo.

Put Z([U], 0) = F (&, U, A). Let F be a locally finite open cover of X
refining %, and such that each element of %4 intersects only finitely many
elements of % .

Supposefor ne w, %, ..., %, and A, ..., S satisfy our requirements.
Let . be a locally finite open cover of Y such that St’(#) refines % and
each element of .% intersects only finitely many elements of %, . For C € &,,
put ¢ = P AZ(C,n). Note that ¢ is a locally finite open cover of
UZ(C,n). Let S€.% and put Z(S) = {[Up, ..., Ul € Gn: SN U, # 2}.
Then #(S) is finite and nonempty. Let C € #(S). By Lemma 4.1, there
exists an open cover 75 of S and for each ¥ € Z° a nonempty finite subset
Fs = Fs(ens1, V, Ic) of ¢ such that foreach ze V',

(*) > {14:1: x € (supp(2) n U ) \U 5 } < e

Let %5 be a locally finite (in X!) open cover of S refining A{Z¢>: C € (S)}
such that diam%s < 1/(n+ 1). Let Fpyy = U{#s: S € S}. Then Hpy is
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a locally finite open cover of Y such that Stz(ﬂnﬂ) refines .%,. For C =
[(Uo, ..., U, Ul € Gpyy,put ' ={S€.:SNU, # 2} and define

Z(C,n+1) = JFs(tns1, V, Tow): Se L withUcVeZS )

Obviously JZ(C,n+1) c Z(C | U, n) and Z(C, n) is nonempty and
finite. Since U € Hp,,, thereis S € & with U € #5. This gives U C S,
hence SNU, # @. So we have C | U € Z(S). Since s refines 75, , there
exists V € 75, such that U C V. Then U%s(e, V, Icw) € Z(C,n+1).
By (x), we have (9).

To finish the inductive construction, let .%,,; be a locally finite refinement
of #,;1 such that each element of ., intersects only finitely many elements
of %.

By Lemma 2.4, (4), (5), (6) and (7) there are S, € %, such that for each
neN,

St(Sns1, #ns1) CSp and 2, Sp=2.

For each n € N find U, € #, such that S, C U,. Then it easily follows
that U,y € Sy. Let C, = [Uy, ..., U,]. For each n € N and for each
Ve Z(C,,n) pick a point x, € V. Let

K= (ﬁ U=, n)) u (G{xyz VeZ(Ca, n)}) :
n=1

n=1

Since K is a closed subspace of X, K is complete.

Claim 2. K is compact.

Since K is complete it suffices to prove that K is totally bounded. To
this end it suffices to prove that |J;o {xy: V € Z(C,, n)} is totally bounded
and N,2,; UZ(Cy, n) is totally bounded. Let ¢ > 0 and let j € N be such
that 2=/ < ¢/2. For V € Z(Cj, j) we have by (8) diam¥ < 2~/ hence
V C B(xy, ¢). Then by (9), U;,";j{xV: VeZ(Cy,n)}c UVG.?’(C,-,j)B(xV ,€).

Since Z°(Cj, j) is finite and U{;=l{xV: VeZ(C,, n)} is finite,

G{xy: VeZ(Cy,n)}

n=1

is totally bounded. For showing that 2, U.Z(C,, n) is totally bounded, it
is enough to observe that for each n € N, Z'(C,, n) is finite and that by (8)
each V € Z(C,, n) satisfies diam V' < 27",

For each n € N, pick distinct y, € S,. Then {y,: n € N} is a closed and
discrete subset of Y, hence there exists an open and discrete family {O,: n € N}
such that for each n € N, y, € O,. Foreach n € N, let h, € C;(Y) be a
Urysohn function satisfying 4,(y,) = 1 and h,(Y\O,) = 0. Let .# be an
uncountable almost disjoint family on N (i.e. for M, N € # we have M NN
is finite). For M € # ,let fy =3, 5 hn. Then fyy € C;(Y) and || fyll =1,
hence there exists gy € C,;(X) such that ¢(ga) = fir and |lgu|l < k. Since
K is a nonempty compactum, there is for each g € C;(X) a positive number
d(g) such that

(11)if a, b € B(K, d(g)) with d(a, b) <d(g), then |g(a) — g(b)| < pf -
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Since .# is uncountable we can find an uncountable subset .#, of .# and
d > 0 such that for each M € .#,, d(gy) >d. Let D=B(K,d).

Claim 3. There is an uncountable subset .#; of .4, such that foreach M, N €
) and for each x € K, |gun(x) — gn(X)| < 13 -

Since C;(K) is separable [17, Proposition 7.6.2], it contains a countable
dense subset {g;: i € N}. For i € N, let ./ ={M € 4 g € B(gulK, 77)}-
Then # = U2, #; , hence there is i € N with .#] uncountable. Let .#, =
M.

0By this claim, (11) and the special choice of the number d we get

(12) foreach M, N e # and x € D, |gu(x) — gn(x)| < Z¢ -

By (9) we have foreach ne N, UZ(Cypy1,n+1) c UZ(Cy, n). Further-
more for V € Z(C,, n), VNK # @ and by (8) and (3), diam ¥ < 27" hence
there exists ny € N such that for n > ny, JZ(C,, n) C D. Since .#; is un-
countable and almost disjoint we can find n > ny and M, N € .#, such that
Su(yn) =1 and fy(y») = 0. For convenience let A, = supp(y,)\UZ(Cy, n),
Ao = supp(yn)\UZ(Co, 0) and for i<n—1,

A= (supp(y,,)\U,‘Z'(CiH , i+ 1)) N UZ(CI' s 0).
We have by (9) and (10)

Yoo Al <Y Al < f > el + Y Al

aesupp(yn)\D ac€A, i=0 ge 4} acAy

n n 1 1
<=3 paw <ap
i=0 i=0
Furthermore by Claim 1 and (12)
> lialgu(a) - gn(@)]

a€supp(yn)ND

1 1 1 1
< Z |’1a|'ﬂﬁﬂ Z |’1a|SE°k=Z~

a€supp(yn)ND aesupp(yn)
These two calculations give us

[/ (Vn) = Inn)l = 16(8m) () = B8N W)l < Y |Aa(gM(a) — gn(a))]

a€supp(yn)
< Y lhalem@ —gv@)l+ Y 1l llgw - gwll
aesupp(y,)ND a€supp(yn)\D
1 1 3
< 4 —. ==
Sata k=3

which is a contradiction. O

Corollary 4.3. Complete metrizability is preserved by I;-equivalence in the class
of metric spaces. 0O

In [15] it was shown that Q and T are not /;-equivalent, where T is the
space defined on p. 5. This result now also follows from Corollary 4.3. In [6]
an example is given of /,-equivalent spaces which are not [;-equivalent. It is




FUNCTION SPACES 881

not known whether /;-equivalent spaces are also /,-equivalent. If this is true
then Corollary 4.3 would follow from Corollary 3.4.

5. REMARKS

For a space X, let Z(X) be the set of compact subsets of X. In [8] (see
also [9 and 16]), J. P. R. Christensen proved the following

Theorem 5.1. Let X and Y be metric spaces and let F: % (X) — Z(Y) be a
Sfunction such that
1. for every A, B € % (X) with AC B, F(A) C F(B) (i.e, F is mono-
tone),
2. forevery K € Z'(Y) thereis A € Z (X) with K C F(A) (i.e, F(Z (X))
is cofinal in Z (Y)).
If X is separable and completely metrizable, then Y is separable and completely
metrizable.

This theorem leads us to an alternative proof of Theorem 3.3 provided
the metric space X is separable. Suppose X and Y are metric spaces and
¢: Cp(X) — Cp(Y) is a continuous linear surjection. Define F: Z(X) —
Z(Y) by

F(A)={y € Y:supp(y) C 4}.

By Lemma 3.1, F is well defined. Obviously F is monotone. To prove that
F(Z (X)) is cofinal in Z'(Y), let K € Z(Y). For A = supp K, we have by
Proposition 2.2, 4 € Z'(X). It is easily seen that K C F(A). We conclude
that F satisfies the conditions of Theorem 5.1, hence for separable completely
metrizable X we have Y is separable and completely metrizable.

Theorem 5.1 is not valid for nonseparable X . Take for example Y = Q and
X =@, ey A, where & = {4 C Q: 4 is compact}. Then X is completely
metrizable but not separable and Y is separable but not completely metrizable.
Define F : Z(X) —» Z(Y) by F(B) = Uycy(ANB). Then F satisfies the
conditions in Theorem 5.1.

To give an alternative proof of Theorem 3.3 also for nonseparable spaces X ,
we have to add an extra condition on the map F: % (X) — Z(Y), namely

3. for each locally finite open cover % of X and each y € Y, there is a
neighborhood U of y and a finite subset ¥ of & such that for any compact
subset K of U, there is a compact subset L of |J# such that K C F(L).
Following the proof of Theorem 5.1 in [16] one can see that this extra property
gives a generalized version of Theorem 5.1.

Theorem 5.2. Let X and Y be metric spaces and let F: % (X) — Z(Y) be
a function satisfying conditions 1, 2 and 3. Then Y is completely metrizable
whenever X is.

In case X is separable, condition 3 follows from conditions 1 and 2. Since
X is separable, each locally finite open cover of X is countable. Let & =
{Va: n € N} be a locally finite open cover of X and y € Y. Let {U,: n € N}
be a decreasing neighborhood base at y. Suppose condition 3 does not hold.
Then for each n € N there is a compact subset K, of U, such that for each
compact subset L of U._, Vi, K, ¢ F(L). Let K = Ure; KnU{y}. Then K
is compact, hence by condition 2 there is a compact subset L of X such that
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K Cc F(L). Since & is locally finite, there is n € N with L c J;_, V;. But
then K, ¢ F(L) which is a contradiction.

From Lemma 2.3 in [4] it follows that the map F: . Z(X) —» Z(Y) con-
structed above from a continuous linear surjection ¢: C,(X) — C,(Y) satisfies
condition 3, hence Theorem 5.2 gives us an alternative proof of Theorem 3.3.

This strategy seems not to be working for a continuous linear surjection
¢: C;(X) — C;(Y). Of course we are free to define F: Z(X) — Z(Y) by
F(A) = {y € Y:supp(y) C A} and by Lemma 5.4 below this function is well
defined, but in general F(Z (X)) will not be cofinal in Z(Y). The example
on p. 5 gives a situation where the map F does not satisfy conditions 2 and 3.

We finish this section by discussing the following

Question. Let X and Y be metric spaces and ¢: Cp(X) — Cp(Y) (resp.
¢: C;(X) — C;(Y)) be a continuous linear surjection. Let .# be a Borel
class of spaces. It is true that Y € ./# whenever X € .#?

Theorems 3.3 and 4.2 solve this question for the class of all absolute G;’s.
We show that for the class of all compact spaces and the class of all o-compact

spaces there also is a positive answer.

Theorem 5.3. Let X and Y be metric spaces and let ¢: C,(X) — Cp(Y) be a
continuous linear surjection. Then

1. if X is compact, then Y is compact,
2. if X is a-compact, then Y is g-compact.

Proof. For X compact we have by Lemma 3.1 that the set {y € Y: supp(y) C
X} =Y iscompact. For (2) let X = U;,";l X, with foreach n €N, X, C X,4;
and X, compact. Let Y, = {y € Y: supp(y) C X,}. By Lemma 3.1 we have
Y, is compact. Since for each y € Y, supp(y) is finite we also have that
Y=U, Y. O

To prove the same result for the bounded case we need the following

Lemma 5.4. Let X and Y be metric spaces and let ¢: C;(X) — C;(Y) be a
continuous linear surjection. Then for each compact K C X, the set L = {y €
Y: supp(y) C K} is compact.

Proof. By Proposition 2.3, supp is LSC, hence L is closed in Y. For f €
C;(K), let f € C;(X) be an extension of f. Define 6: C;(K) — C;(L) by
0(f) = ¢(HIL. If g € C,(X) is another extension of f, then f and g

coincide on supp L, hence by Corollary 2.1 ¢(f) = ¢(g) on L. This implies
that 6 is well defined. It follows that 6 is a continuous linear function. By
the Closed Graph Theorem, 6 considered as a function from C;;(K) to C;(L)
is also continuous. We claim that 6 is surjective. Let g € C;(L) and let
& € C;(Y) be an extension of g. Since ¢ is surjective, there is & € C;(X)
with ¢(h) = g. Let f = h|K. Since h extends f,0(f) = g, s0 0 isa
surjection. By [17, Proposition 7.6.2] we have for a space Z that C;(Z) is
separable if and only if Z is compact and metrizable. This implies that Cj;(K)
is separable and hence C; (L) is separable. So L is compact. O

Using Lemma 5.4 instead of Lemma 3.1 we also obtain
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Theorem 5.5. Let X and Y be metric spaces and let ¢: C;(X) — C;(Y) bea
continuous linear surjection. Then

1. if X is compact, then Y is compact, and
2. if X is g-compact, then Y is o-compact. O
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