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FUNCTION SPACES OF COMPLETELY METRIZABLE SPACES

JAN BAARS, JOOST DE GROOT, AND JAN PELANT

Abstract. Let X and Y be metric spaces and let <j>: CP(X) -* CP(Y) (resp.

(f>: C*(X) —> Cp(Y)) be a continuous linear surjection. We prove that Y is

completely metrizable whenever X is. As a corollary we obtain that complete

metrizability is preserved by lp (resp. lp -equivalence) in the class of all metric

spaces. This solves Problem 35 in [2] (raised by Arhangel'skii).

1. Introduction

Let X and Y be metric spaces. By C{X) (resp. C*{X)), we denote the set

of all real-valued continuous functions (resp. the set of all real-valued bounded

continuous functions), on X. We endow C{X) (resp. C*{X)) with the topol-

ogy of pointwise convergence and denote that by Cp{x) (resp. C*{x)). We

define X and Y tobe lp-equivalent (resp. I*-equivalent) whenever CP{X) and

CP{Y) (resp. C*{X) and C*{Y)) are linearly homeomorphic. A topological

property 3° is said to be preserved by Inequivalence (resp. I*-equivalence)

whenever for /^-equivalent (resp. /*-equivalent) spaces X and Y we have that

X has property 3° if and only if Y has property 3° .

In [2, Problem 35], Arhangel'skii asks whether complete metrizability is pre-

served by lp-equivalence for the class of all separable metrizable spaces. In

this paper we answer this question in the affirmative, even for arbitrary metric

spaces. In fact we prove for metric spaces X and Y and for a continuous lin-

ear surjection <p: CP{X) —> CP{Y) that Y is completely metrizable whenever

X is. Moreover we obtain the same result for /*-equivalence. The assumption

that the mappings between function spaces are linear is essential. In [10], Do-

browolski, Gul'ko, and Mogilski proved that for any two nondiscrete countable

metric spaces X and Y, CP{X) and CP{Y) are homeomorphic. In particular

this holds for the space of rationals Q and a convergent sequence.

2. Preliminaries

Let X and Y be metric spaces, let <p: CP{X) -* CP{Y) (resp. <p: C*{X) -»
C*{Y)) be a continuous linear function and let y e Y be fixed. Notice that the

function y/y: CP{X) -* R (resp. y/y: C*p{X) -* R) defined by y/y{f) = <p{f){y)
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is continuous and linear. So y/y e L{X) (resp. y/y e L*{X)), the dual of

CP{X) (resp. C*{X)). Since the evaluation mappings Çx: CP{X) -> R {x e X)

defined by Çx{f) = f{x) for / e CP{X) (resp. / e C*p{X)), form a Hamel
basis for L{X) (resp. L*{X)), (cf. [14]), there are for y/y ̂  0, x\, ... , xn e X

and Xi, ... , Xn e R\{0} such that y/y = £)"_, A,^Xi. We define the support of y
in X to be the finite set supp(y) = {x\,..., x„} C X. If ^ = 0, the support

of y is defined to be the empty set (notice that whenever (p is onto, y/y ̂  0

for every y e Y). For yl c Y, we abbreviate (JisuPPCv): J7 e -4} by supp ,4.
The notion of support here is a special case of a more general definition given

by Arhangel'skii in [1]. The proof of the following lemma is a triviality and is

only included for reference.

Lemma 2.1. Let X and Y be metric spaces, and let <j>: CP{X) —> CP{Y) {resp.

<f>: C*{X) -> C*{Y)), be a continuous linear function. Then for y eY,

1. for every z e supp(y), there is Xz e R such that

4>{f){y)=   £   Az/(z),
z6supp(y)

for every f e CP{X) {resp. f e C*p{X)), and
2. if f, g e CP{X)  {resp. f, g e C*{X)), coincide on supp(y), then

<t>{f){y) = 4>(g)(y).
If moreover <f> is a linear homeomorphism, then supp Y = X.

Proposition 2.2 [1]. Let X and Y be metric spaces and let (p: CP{X) —> CP{Y)

be a continuous linear function. If A is a compact subset of Y, then supp .4 is

a compact subset of X.

Let X and Y be metric spaces and let F: X -> 3Ô{Y)\{0} be a set-valued
function such that for every x e X , F{x) is closed in Y . Then F is said to

be Lower Semi Continuous (abbreviated LSC) whenever for every open U c

Y the set {x e X: F{x) n U ¿ 0} is open in X. If <f>: CP{X) -» CP{Y)
(resp. (f>: C*{X) —> C*{Y)) is a continuous linear function we can consider

supp: Y —> 3°{X) as a set-valued function. We have

Proposition 2.3. Let X and Y be metric spaces and let cp: CP{X) -» CP{Y)

{resp. (p: C*{X) -* C*{Y)) be a continuous linear surjection. Then supp: Y —>

3°{X)\{(p} is LSC.

Proof. Since <p is onto, supp(y) ^ 0 for every y e Y. Of course, being a

finite set, supp(y) is closed. Let U be an open subset of X. Put O = {y e

Y: supp(y) n U jt 0}, and let y e O. Then there is x € supp(y) n U. Let

/ 6 C;{X) be such that f{{X\U) U (supp(y)\{x})) = 0 and f{x) = 1. Then
by Lemma 2.1, (p{f){y) = Xx ¿ 0. Let W = {z e Y: <p{f){z) ¿ 0}. Then
W is an open neighborhood of y. We claim that W c O. Suppose there is

z 6 W\0, i.e., <p{f){z) ¿ 0 and supp(z) n U = 0 . But then /(supp(z)) = 0,
hence by Lemma 2.1 <p{f){z) = 0, which gives a contradiction, so W c O.   D

As usual for a cover %f of a space X, we denote the cover {St(t7, 1¿) : U e

%} by St(20 and the cover St(St(Ä')) by St2(g0. The next lemma will be
very useful in the proof of Theorem 4.2.
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Lemma 2.4. Let X be a metric space which is not completely metrizable. Let

{3$n : n e N} and {S^n : n e N} be two collections of open covers of X such that

for each n e N,

(1) 3ln and 5^n are locally finite,
(2) diam 3?n <l/n,

(3) St2{3fn+])^3^^3?n,
(4) each element of S^n+\ intersects only finitely many elements of S*n .

Then for each n e N we can find Sn e S*n such that St^+i, 3fn+\) c Sn and

Proof. Let X be the completion of X . For each n e N and for each S e Sfn

we can find Vs open in X such that

(5) diamFs < 3/zz,

(6) VsnX = S,
(7) if Se S^n, Te S*n+i and TcS, then VT c Vs .

Indeed, suppose for each m < n and S e S*m we found Vs. Now let S e

S*n+\ . By (4), there are only finitely many elements of S*n which contain S.

Find O open in X such that diam O < 3/(« + 1) and O n X = S. Let
Vs = On Ç\{VT: T e S"n with S c T}. Then this Vs obviously satisfies
conditions (5), (6) and (7). This completes the inductive construction.

For each n e N let Vn = [}{VS: S e 5*„}. Then Vn is open in Í. So

V = f|~ j Vn is a (/¿-subset of X, hence completely metrizable. Since X c V ,

this implies that there exists x e V\X. For each n e N, let % = { Vs : S e S?n

with x e Vs} and Tn = {S: Vse^„}. Then % is a finite family. Indeed, let

T e Sfn+i be such that x e VT . Then for each S eTn, x eVsZ\VT . Since
xeA', VsnVTn X ^ 0 which gives S n T ^ 0. Since T intersects only

finitely many elements of ^ , we are done.

Now for S e Tn and ie^+i we define

T±S&áe{ St(T, 3?n+1) c S.

We claim that this ordering gives us chains of arbitrary length. For if T e T~n+\,

there exists by (3) S e 3*„ such that St(T,^„+1) c S\ Since T c S we
have by (3), Vj C Vs, hence S e % and we can walk all the way up to

^¡. Now by Königs lemma [12, Lemma II.5.7], we have an infinite chain with

respect to this ordering, say {Sn : n e N} with Sn e S*n. Since diam Vs —> 0,

{*} = n~,^„, and hence nr=iS» = *>-   G

A weaker version of this lemma will be used in the proof of Theorem 3.3 (its

proof is similar).

Lemma 2.5. Let X be a metric space which is not completely metrizable. Let

{%¿n : n e N} be a collection of locally finite open covers of X such that for each

n en, diam^, < \ and St{%fn+l) -< %n. Then for each n e N, there is

Un e %n such that Un+i c Un, and moreover f)~ , U„ = 0 .

3. The unbounded case

Lemma 3.1. Let X and Y be metric spaces, and let (f>: CP{X) —► CP{Y) be a
continuous linear surjection. Then for each compact K c X, the set L = {y e

Y: supp(y) c K} is a compact subset of Y.
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Proof. By Proposition 2.3, supp is LSC, hence L is closed. If L is not compact,

L contains a closed discrete subset {y„ : n e N}. For each n e N, let tn -

n • £zesupp(y„) 1**1 • Then l" > °- Let S e CP{Y) be such that g(y„) = t» .

Since 0 is a surjection, there is / e CP{X) such that </>(/) = g. Since A^ is

compact, there is ce i such that f{K) c [-c, c]. Let n e N be such that

n > c. Then

W/)(v„)| = £   W(z)
z€supp(y„)

<c-     £     |Az|<i„,

zSsupp(>>„)

<      £     |Az|.|/(z)|

zesuppi^)

so we arrive at a contradiction.   D

Let X and y be metric spaces and let 4>: CP{X) -+ CP(Y) be a continuous

linear surjection. For U c X, let Tv = [y e Y: supp(y) n U ^ 0}. For a

family 2C of subsets of X, let Tv = {Tv:UeW}.

Lemma 3.2. // % is a locally finite open cover of X, then T<% is a locally finite

open cover of Y.

Proof. Since <fi is onto we have for each y e Y, supp (y) ^ 0. So T<% cov-

ers Y. Furthermore by Lemma 2.3, supp is LSC, so for U e V, Tu is

open in Y. If T% is not locally finite there are y e Y, a sequence yn ^ y

{n —> oo), and distinct U„ 's in % such that y„ e TVn . Let x„ e supp(y„)D U„ .

Since {yn: n e N} is compact, by Proposition 2.2, supp{y„ : n e N} is compact.

Hence {x„ : n e N} is compact. Since % is locally finite, {x„ : « e N} inter-

sects only finitely many elements of % . Contradiction.   D

Theorem 3.3. Let X and Y be metric spaces and let <p: CP{X) —► CP{Y) be a
continuous linear surjection. If X is completely metrizable, then Y is completely

metrizable.

Proof. Suppose X is completely metrizable and Y is not completely metriz-

able. Provide X with a complete metric. Since X and Y are metric spaces,

by Lemma 3.2 there are locally finite open covers ^„ of X and 2^ of Y,

{n e N) such that
(1) diam% < 1, diam^ < x- , K+x •« K , St(^+1) -< Wn , and
(2) each Fe% intersects only finitely many elements of T% .

By Lemma 2.5, for each n e N, there is Vne^„ such that f|^i vn = 0 and

for each « e N, Vn+\ C Vn . By (2), for each n e N, there is a finite subset

{Uy,...,U^J of % suchthat
(3) for ukWn, VnnTuyi0 if and only if U e {U? , ... , l/£J .

We claim that for each n e N,

(4) upr ^r1 c u£, t/;.
Indeed, since É4+1 refines 24 , there are for each 7 < «i„+1, Uj e f¿n such that

U1+x c 17;. Since Vn+l c K„ , and Vn+l n 7^,+, ^ 0, we have F„ n T^ ^ 0 . So

by (3), C7, € {Iff,..., U»J. This gives |j™T ^j"1"1 C [}% U? . This proves

(4). Notice that by (3), for every n e N , supp Vn c U™=i ̂f • For eacn " € N,

let y„ € F„ . Then
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(5) supp(y„) c U7=", U« .

Let K = \J^=l supp(y„). Since K is a closed subset of X, K is complete.

Claim.  K is compact.

Since K is complete, it remains to prove that K is totally bounded. To this

end it suffices to prove that U^Li supp(y„) is totally bounded. Let e > 0 and

let j e N be such that } < § • For k <m¡, let zk e UJk . Since diam U[ < j ,

UJk c B{zk , e). Then by (4) and (5), {JZj supp(y„) C U*¿, B(zk > e) • Since

Un=i supp(y„) is finite, we are done.

By Lemma 3.1, L = {y e Y: supp(y) C K} is a compact subset of Y. Since

CÇ=i Vn = 0, {yn)nm C L isa sequence without convergent subsequence.

Contradiction. This proves the theorem.   G

Corollary 3.4. Complete metrizability is preserved by lp-equivalence in the class

of metric spaces,   u

Let Q denote the space of rationals. Let T = N2 U {oc} , where each point

of N2 is isolated and {{{n ,«+1,...}xN)U {oo}}„6N is a local base at oo .

In [7] it was shown that Q and T are not /^-equivalent. This result now also

follows from Corollary 3.4.
In [18], Uspenskii proved for /^-equivalent spaces X and Y, with X met-

ric, that y is a a-metrizable paracompact space, where a-metrizable means a

countable union of closed metrizable subspaces. In view of Theorem 3.3, one

could conjecture that if X is moreover completely metrizable, then Y is also

Cech-complete. This is however not the case. Take for X the ordinal space co2

and for Y the space obtained from X by identifying all accumulation points of

X to one point. The spaces X and Y are lp-equivalent (see for example [5]).

The space X is countable metric and locally compact while Y is paracompact

and (7-metrizable but not Cech-complete.

In the next section we prove the same result for spaces C*{X) : if X and Y

are metric spaces and <f>: C*{X) —► C*{Y) is a continuous linear surjection, then
y is completely metrizable provided X is. In this case a proof like Theorem

3.3 seems not to be working. We give an example which shows that we cannot

make use of a result like Lemma 3.2. Let (x„)„6n be a convergent sequence,

say x„ -> x {n -> oo). Let Y = {xn : n e N} U {x} , and let I = 7ffiN the
topological sum of Y and N. Define <p: C*p{X) -► C*p{Y) by

4>{f){z) = \f{Xn)+Xn-f{n)   ifZ = Xn'

{ f{x) if Z = X.

Since / is bounded, we have (p{f) e C*{Y). It is easily seen that 0 is a linear

continuous surjection. Let ^ = {Y} U {{«}: az € N} . Then % is a locally finite

open cover of X. Since for every n e N, supp(x„) = {zz, x„}, T% is not

locally finite.

Acknowledgments. We would like to express our gratitude to Roman Pol who

originally proved that the space of irrationals P and the topological sum of P

and the space of rationals Q are not lp -equivalent.
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4. The bounded case

Lemma 4.1. Let X and Y be metric spaces and let <p: C*{X) —> C*{Y) be

a continuous linear function and let 3d be a nonempty locally finite family of

open subsets of X.  Then for each y e Y and for each e > 0, there exists a

neighborhood U of y and a nonempty finite subset SF = £F{z, U, 3°) of 3°

such that for each z e U,

£{|Aa|:fle(supp(z)\U^)nU^} < e.

Proof. Suppose the lemma is false. Find y e Y and £o > 0 contradicting the

lemma. For each x e \]3° , let 3°x = {P e 3s : x e P} . Obviously 3BX is finite.

For each x e \J3°, find a neighborhood Wx of x such that Wx intersects

only finitely many elements of 3° and such that Wx c Ç\3°x . Since supp(y)

is finite, there is a finite subset 9[ of 3° such that supp(y) r\\\3° c \}&\ .

Let Wq = \J{Wx: x e supp(y) n \\3°}. By induction we construct a decreasing

open base {Un: n e N} at y, for each n e N we find points z„ e U„ and

functions f„ e C*{X) such that if for each n e N,

M„ = (supp(zn)nU^)\U^>
W„ = \J{Wx:xe Mn}\{{J{Wr. i<n- 1} U(J{supp(z,) n \\9¡: i < n}),
3rn = \J{3>x:xeMn},

#¡+i =^U^,and

then the following properties are fulfilled

(1) S„ > £0,
(2) fn{X\Wn) = {0} , fn{a) = sign(Aa) • l/S„ for a e Mn , \\fn\\ < l/e0, and
(3) </.(/„)(c/„+1)c(-l/2«+M/2'!+1)-

(It will be convenient for our inductive construction to observe that each ^ is

a finite subcollection of 3s, each Mn is finite and moreover a subset of Wn

since for each i <n- l, W¡C \J^¡c (J^O
For n = 1, let U\ be an arbitrary neighborhood of y . Since en contradicts

the lemma we can find z\ e U\ be such that S\ > en. Define g\ : {X\W\) U

Mi -» [0, 1/en] by gi{x) = 0 for x e X\WX and g,(x) = sign(Ax) • l/¿i for
x e M\ . Since M\ c W\ is finite, g\ is continuous. Extend g\ to a continuous

fx : X —> [0, 1/eo]. Then f satisfies condition (2). Since condition (3) is empty

for n — 1 , the initial step of the construction is completed.

Suppose we found f ,..., fn , Z\,...,zn, and U\,..., Un . Since supp(y ) n

Wn = 0, /„(supp(y)) = {0}, hence by Lemma 2.1 4>{fn){y) = 0. Thus by
continuity of / we can find a neighborhood U„+i C U„ of y such that

<p(f„){U„+i) C ^t-, 2^r

Since £n contradicts the lemma we can find zn+x e Un+\ such that ôn+\ > eo .

The function fn+l can be constructed in the same way as f . This completes

the inductive construction.

Claim.  {W„ : n e N} is a discrete family in X.

Since the family {Wn : n e N} is pairwise disjoint it suffices to show that

the family is locally finite. Let x e M„ and y e Mm, with m > n. Since

3°x c &n c 9n+i and y 0 U^+i » 3ôxn3°y = 0. Now let z e X and £/
a neighborhood of z that intersects only finitely many elements of 3°. The
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above observation gives that there exists m e N such that \J{3SX: x e M„ for

some n > m} n U = 0 . Let n > m and suppose U n Wn ¿ 0 . Then there is

x e M„ such that Un Wx ¿ 0 . Since Wx cf)3Bx,we arrive at a contradiction,
hence £/ can only intersect finitely many elements of our family {Wn : n e N}.

From ( 1 ) we get M„ ^ 0. Moreover it easily follows that for n e N,

supp(z„) r\W„ = M„ and for m > n , supp(z„) n Wm = 0 .

Now let / = £~, fn ■ By the claim we have / e C*p{X), so <p{f) e C*p{Y).
Since /(supp(y)) = 0, <p{f){y) = 0, hence <p{f){zn) -> 0  (zz -> 00). However

<p(fn)(Zn) =        E       ̂ /«(fl) =   E  A«/»(fl)
aesupp(z„) aeAZn

<5B = 1

and

4>{fm){zn)=     E    Aa/m(a) = 0 since supp(z„)n lFm = 0 for w > zz.

aesupp(z„)

So finally we get

\<Kf){Zn)\ = J2<f>{fm){Zn)
m=\

n-\

J2<l>(fm)(Zn) + cp{fn){Zn)
m=\

> 1 - E W™){Zn)\ > 1 - £ ¿T > I
m=l m=l

We arrive at a contradiction and hence the lemma is true (note that & can be

assumed to be nonempty since we can always add one extra member of 3° to

9~).   D

In the proof of the forthcoming theorem we make use of two well-known

theorems from the theory of Banach spaces.The first one is the Closed Graph

Theorem, which states that for Banach spaces E and F and a linear function

(p: E —» F such that the set {(x, </>(x): x e E} is closed in E x F, we have

<p is continuous [11, Theorem X.4.1]. The second one is the Open Mapping
Theorem, which states that a continuous linear function of a Banach space E

onto a Banach space F is open [13, Theorem 1.4.10]. We denote C*{X) with

the topology of uniform convergence by C*{X). It is well known that C*{X)

is a Banach space.

If C = [U\,..., U„, U] is a sequence of sets, then we abbreviate [Uu..., U„]

by C I U. We use the symbol " A " to denote the intersection of families of
sets.

Theorem 4.2. Let X and Y be metric spaces and let (p: C*{X) -> C*{Y) be a

continuous linear surjection. If X is completely metrizable, then Y is completely
metrizable.

Proof. Suppose X is completely metrizable and Y is not completely metriz-

able. Provide X with a complete metric d. By the Closed Graph Theorem,

<t> considered as a map from C*{X) onto C*{Y) is continuous. This, together

with the Open Mapping Theorem gives us zc e N such that for all / e C*{X)

with 11/11 = 1, \\<j>(f)\\ < zc, and for all g e C*{Y) with ||g|| = 1, there is
fe<l>'x{g) with 11/11 <zc.
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Claim 1. For each yeY, £aesuppW I A« I < k.
Let / 6 C*{X) be such that ||/j| = 1 and for all a e supp(y), f{a) =

sign(Aa). Then U{f)\\ < k , hence <t>{f){y) = £aesupp(y) Kf(a) = £aesuppW W

<k.
Let {3°n)nç.w be a sequence of open covers of X such that for each new,

(1) &>„+l*0>n,
(2) each 3ön is locally finite,
(3) diam^„ < 2~n.

For each zz e N, let e„ = l/(zc • 2n+y). By induction we construct sequences

{3f„)neo> and (^)„e(t) of open covers of Y , sets of sequences given by

% = {[U]: U e 3?o}, and for n>0,

% = {[[/„,..., U„]: [U0,..., UH-i] e «&_,, Une3?n and Un c [/„_,},

and for each C e Wn a nonempty finite set 2{C, n) of open subsets of X

such that
(4) 3ln and S?n are locally finite,

(5) diam^„ < l/{n + 1),

(6) St2(^„+1)^^„,

(7) each element of 3?n+\ intersects only finitely many elements of S*n ,

(8) if C e % , then each V e 3Z{C, n) is contained in a member of 3°n ,

(9) if C = [U0, ... , Un , U] e &n+i, then

\j3T{C,n + l)c\J&{C I (7, zz) and for ze U,

E{l^|: x e (supp(z)\lj5'(C, zz + 1)) n\J3T(C I U, zz)} < e„+1.

(10) for each U e 3f0 and z e U, E{|A^|: x e supp{z)\{J&{[U], 0)} <

en-
By Lemma 4.1 there exists a locally finite open cover 3?0 of Y with dmm3¿0 <

1 and for each U e 3¿o a nonempty finite subset &~ - SF{to, U, 3B0) of 3°o

such that for each z e U ,

E{|Aa|:aesupp(z)\(J^} < e0.

Put 3T{[U], 0) = 3r{to, U,3>o). Let 3% be a locally finite open cover of X
refining 3$o and such that each element of 3% intersects only finitely many

elements of 3Hq .
Suppose for n e (à, 3?o,..., 3ln and 3%, ■■. , 3?n satisfy our requirements.

Let S" be a locally finite open cover of Y such that St2 {3") refines 3*n and

each element of S" intersects only finitely many elements of 3tn . For C e^n ,

put 3c = 3°n+\ l\Z{C, n). Note that 3c is a locally finite open cover of

U5"(C,n). Let S e3" and put W{S) = {[U0,... , U„] eWn:Sf)Un ¿ 0}.
Then fê{S) is finite and nonempty. Let C e W{S). By Lemma 4.1, there

exists an open cover y¿ of S and for each V e W¿ a nonempty finite subset

&s = 9s{en+\> V, 3c) of 3c such that for each z e V,

(*) E{i^i:xe(supp(z)nU^)\U^}<e«+'-

Let f^bea locally finite (in X\) open cover of S refining /\{^cs: c 6 &(S)}

such that diam^ < l/{n + 1). Let 3?n+l = \J{WS: S e S}. Then ¿?„+1  is
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a locally finite open cover of Y such that St2(^„+i) refines 3*n. For C =

[U0,...,Un,U]e %+{ , put S>" = {S e 3": S n U„ ¿ 0} and define

Z{C, n + 1) = (J{^(e„+1, V, 3ciu): Se3<" with UcVe Wc\v}.

Obviously \\Z{C, n + 1) c 5*(C | U, n) and ^(C, zz) is nonempty and

finite. Since U e 3ên+x, there is S e 3" with U e Ws . This gives U c S,

hence SnU„¿0. So we have C [U eW{S). Since ^ refines Tcsl(J, there

exists F 6 ^¿iXJ such that £/ c V . Then U^(e> V, &ciu) C Jr(C, zz + 1).

By (*), we have (9).

To finish the inductive construction, let S"n+i be a locally finite refinement

of 3?n+\ such that each element of 3"„+\ intersects only finitely many elements

of^„.
By Lemma 2.4, (4), (5), (6) and (7) there are S„ e 3?n such that for each

zz eN^_

St(S„+1, 3ên+x) c Sa and f|~=, Sn = 0 .
For each zz 6 N find Un e 3?n such that S„ c U„.  Then it easily follows

that  U„+i c S„.   Let Cn = [Uq, ... , U„].   For each zz e N and for each

V e Z{Cn , n) pick a point xy e V . Let

K= m\J&{Cn,n))u({J{xv:Ve&{C„,n)}Y

Since K is a closed subspace of X, K is complete.

Claim 2.  K is compact.

Since K is complete it suffices to prove that K is totally bounded. To

this end it suffices to prove that U^liW: v e -2*(d , ")} is totally bounded

and n^Li \}%{Cn, n) is totally bounded. Let e > 0 and let j e N be such

that 2-1 < e/2. For V e Z{C¡,j) we have by (8) diam V < 2~> hence

Vc B{xv, e). Then by (9), [fejixy. V eZ{Cn,n)} c \Jv^{Cjj)B{xv,e).

Since Z{Cj, j) is finite and \Sn=l{xv: V e Z{C„ , n)} is finite,

00

\J{xv:Ve2r{C„,n)}

is totally bounded. For showing that f|^=i U-2"(d , zz) is totally bounded, it

is enough to observe that for each zz e N, 3Z{Cn,ri) is finite and that by (8)
each V e Z{Cn, n) satisfies diam V < 2~n .

For each zz e N, pick distinct y„ e Sn . Then {yn: n e N} is a closed and

discrete subset of Y, hence there exists an open and discrete family {On : n e N}

such that for each zz e N, y„ 6 On. For each zz e N, let hn e C*{Y) be a

Urysohn function satisfying hn{yn) = 1 and h„{Y\On) = 0. Let Jf be an

uncountable almost disjoint family on N (i.e. for M, N e M we have Mn TV

is finite). For M e J?, let fM = EneMh„ . Then fM e C*p{Y) and \\fM\\ = 1,
hence there exists gM & C*{X) such that (j>{g\i) - fM and \\g\f\\ < k. Since

K is a nonempty compactum, there is for each g e C*{X) a positive number

S(g) such that

(11) if a,beB{K,S{g)) with d{a,b)<S{g), then \g{a) - g{b)\ < ^ .
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Since JÍ is uncountable we can find an uncountable subset J?o of J£ and

d > 0 such that for each M eJtb, à{gM) > d. Let D = B{K, d).

Claim 3. There is an uncountable subset Jf\ of Jfa such that for each M, N e

Ji\ and for each x e K, \gM{x) - gN{x)\ < j^ •
Since C*{K) is separable [17, Proposition 7.6.2], it contains a countable

dense subset {g¡■: i e N}. For i e N, let Jf¿ = {M e J?o'- g¡ e B{gM\K, ^)} .

Then Jfo = U/^i-^o > nence there is z e N with ^ uncountable. Let ^#( =

By this claim, (11) and the special choice of the number af we get

(12) for each M, N e^\ and x e Z), |gA/(x) - g/v(x)| < ^ .
By (9) we have for each zz e N, \J&{Cn+l, n + 1) c \\2{Cn , zz). Further-

more for V e Z{Cn ,n), Vr\K^0 and by (8) and (3), diam V < 2~n , hence
there exists zz0 6 N such that for zz > zzn , U-2"(C„ , n) c D. Since Jl\ is un-

countable and almost disjoint we can find zz > zz0 and M, N e JK\ such that

fiiiyn) = 1 and fN{yn) = 0. For convenience let A„ = supp{yn)\\J 2T{Cn , zz),

A0 = supp(y„)\ \J3T{CQ, 0) and for i<n-l,

4 = (supp{yn)\{j3í{C¡+l, i+l))n\j3r{Q, i).

We have by (9) and (10)

E   w< Ew^EEw + Ew
a€supp(y„)\D ae^„ 1=0 ae^ a€^o

" 1 1

^E£<  E*;
¡=0 1=0

<

Furthermore by Claim 1 and (12)

E      \h{gM{a) - gN{a))\
aesupp(y„)nö

ü6supp(y„)nO a€supp(y„)

These two calculations give us

l/w(y„) - /v(y„)| = l0(^M)(y«) - 4>{gN){yn)\ <    E    l^«(^(fl) - SN{a))\
a€supp(>>„)

<       E      \*-a{gM{a)-gN{a))\+      E      |A«| • ll&i/- ftvll
aesupp(y„)ni> aesupp(y„)\D

1      1 '   3
<   - + -r • 2ZC =  -

4     4zc 4

which is a contradiction.   D

Corollary 4.3. Complete metrizability is preserved by ¡'-equivalence in the class

of metric spaces,   u

In [15] it was shown that Q and T are not /¿-equivalent, where T is the

space defined on p. 5. This result now also follows from Corollary 4.3. In [6]

an example is given of /p-equivalent spaces which are not /¿-equivalent. It is
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not known whether /¿-equivalent spaces are also lp-equivalent. If this is true

then Corollary 4.3 would follow from Corollary 3.4.

5. Remarks

For a space X, let 3?{X) be the set of compact subsets of X. In [8] (see

also [9 and 16]), J. P. R. Christensen proved the following

Theorem 5.1. Let X and Y be metric spaces and let F: 3£{X) -^JT{Y) be a
function such that

1. for every A, B e3?{X) with Ac B, F {A) c F{B) {i.e., F is mono-
tone),

2. for every K e 3T{Y) there is A e 5?{X) with K c F (A) {i.e., F{X{X))
is cofinal in 3£{Y)).

If X is separable and completely metrizable, then Y is separable and completely

metrizable.

This theorem leads us to an alternative proof of Theorem 3.3 provided

the metric space X is separable.  Suppose X and Y are metric spaces and

4>: CP{X) —► CP{Y) is a continuous linear surjection. Define F: 3^{X) —►
3?{Y) by

F(^l) = {yey:supp(y)c^}.

By Lemma 3.1, F is well defined. Obviously F is monotone. To prove that

F{JT{X)) is cofinal in 3t{Y), let K e Jf{Y). For A = supp AT, we have by
Proposition 2.2, A e Z%{X). It is easily seen that K c F {A). We conclude

that F satisfies the conditions of Theorem 5.1, hence for separable completely

metrizable X we have Y is separable and completely metrizable.

Theorem 5.1 is not valid for nonseparable X. Take for example Y = Q and

X = @AetfA, where sf - {A c Q: A is compact}. Then X is completely
metrizable but not separable and Y is separable but not completely metrizable.

Define F : 3?{X) -* Jtf{Y) by F{B) = \JA^{A n B). Then F satisfies the
conditions in Theorem 5.1.

To give an alternative proof of Theorem 3.3 also for nonseparable spaces X,
we have to add an extra condition on the map F: 3i{X) —► 3?{Y), namely

3. for each locally finite open cover 3° of X and each y e Y, there is a

neighborhood U of y and a finite subset ¿?" of 3s such that for any compact

subset K of U , there is a compact subset L of (J^ such that K c F{L).

Following the proof of Theorem 5.1 in [16] one can see that this extra property
gives a generalized version of Theorem 5.1.

Theorem 5.2. Let X and Y be metric spaces and let F: 5?{X) -* 5f{Y) be
a function satisfying conditions 1, 2 and 3. Then Y is completely metrizable
whenever X is.

In case X is separable, condition 3 follows from conditions 1 and 2. Since

X is separable, each locally finite open cover of X is countable. Let 3° =

{Vn: n e N} be a locally finite open cover of X and y e Y. Let {Un: n e N}

be a decreasing neighborhood base at y. Suppose condition 3 does not hold.

Then for each zz e N there is a compact subset Kn of Un such that for each

compact subset L of U"=i V , Kn<£ F{L). Let K = \£L, Kn U {y} . Then K
is compact, hence by condition 2 there is a compact subset I of I such that
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K c F{L). Since 3° is locally finite, there is zz e N with L c U"=, v¡ • B"t
then Kn <£. F{L) which is a contradiction.

From Lemma 2.3 in [4] it follows that the map F: 5?{X) -* Jf(Y) con-
structed above from a continuous linear surjection <f>: CP{X) -> CP{Y) satisfies

condition 3, hence Theorem 5.2 gives us an alternative proof of Theorem 3.3.

This strategy seems not to be working for a continuous linear surjection

</>: C;{X) -> C*p(Y). Of course we are free to define F: 3f(X) -> X(Y) by
F (A) = {y e Y: supp(y) c A} and by Lemma 5.4 below this function is well

defined, but in general F{3f{X)) will not be cofinal in 3¡Z(Y). The example
on p. 5 gives a situation where the map F does not satisfy conditions 2 and 3.

We finish this section by discussing the following

Question. Let X and Y be metric spaces and 4>: CP{X) —> CP{Y) (resp.

4>: C*(X) -* C*{Y)) be a continuous linear surjection. Let J? be a Borel

class of spaces. It is true that Y edf whenever X e JCl
Theorems 3.3 and 4.2 solve this question for the class of all absolute Gô 's.

We show that for the class of all compact spaces and the class of all u-compact

spaces there also is a positive answer.

Theorem 5.3. Let X and Y be metric spaces and let </>: CP{X) —► CP{Y) be a

continuous linear surjection. Then

1. if X is compact, then Y is compact,

2. if X is a-compact, then Y is a-compact.

Proof. For X compact we have by Lemma 3.1 that the set {y e Y: supp(y) c

X} = y is compact. For (2) let X = \J^=l Xn with for each zz e N, Xn c X„+l

and Xn compact. Let Y„ = {y e Y: supp(y) C Xn}. By Lemma 3.1 we have

Y„ is compact. Since for each y e Y, supp(y) is finite we also have that
Y = {JZ1Y„.   a

To prove the same result for the bounded case we need the following

Lemma 5.4. Let X and Y be metric spaces and let 4>: C*{X) —> C*{Y) be a

continuous linear surjection. Then for each compact K c X, the set L = {y e

Y: supp(y) c K} is compact.

Proof. By Proposition 2.3, supp is LSC, hence L is closed in Y. For / e

C;{K), let / € C;{X) be an extension of /. Define 6: C*p{K) -> C*p{L) by

9(f) = <fr(f)\L- If g £ C*{X) is another extension of /, then / and g

coincide on supp L, hence by Corollary 2.1 <f>{f) = (f>(g) on L. This implies

that 6 is well defined. It follows that 6 is a continuous linear function. By

the Closed Graph Theorem, 6 considered as a function from C*{K) to C*{L)
is also continuous. We claim that 6 is surjective. Let g e C*{L) and let

g e C*(Y) be an extension of g. Since </> is surjective, there is h e C*{X)

with (p{h) - g. Let / = h\K. Since h extends /, 6(f) = g, so 6 is a
surjection. By [17, Proposition 7.6.2] we have for a space Z that C*(Z) is

separable if and only if Z is compact and metrizable. This implies that C*(K)

is separable and hence C*(L) is separable. So L is compact.   D

Using Lemma 5.4 instead of Lemma 3.1 we also obtain
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Theorem 5.5. Let X and Y be metric spaces and let <f>: C*(X) —> C*(Y) be a

continuous linear surjection. Then

1. if X is compact, then Y is compact, and

2. if X is a-compact, then Y is a-compact.   D
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